IBM-1 calculations for the fission products 108,110,112 Ru have been carried out. The even-even isotopes of Ru can be described as transitional nuclei situated between the U(5) (spherical vibrator) and SO(6) (γ-unstable rotor) symmetries of the Interacting Boson Model. At first, a Hamiltonian with only one-and two-body terms has been used. Excitation energies and B(E2) ratios of gamma transitions have been calculated. A satisfactory agreement has been obtained, with the exception of the odd-even staggering in the quasi-γ bands of 110,112 Ru. The observed pattern is rather similar to the one for a rigid triaxial rotor. A calculation based on a Hamiltonian with three-body terms was able to remove this discrepancy. The relation between the IBM and the triaxial rotor model was also examined.
1 Introduction the cranked shell model.
The main aim of this work is to describe the most important observables of the heavy 108, 110, 112 Ru isotopes such as excitation energies, E2 branching ratios and the odd-even staggering in the quasi-γ bands by using the Interacting Boson Model. We will use both the standard IBM-1 Hamiltonian and an extended one, which also comprises a three-body term. We will also discuss the relation between the IBM-1 and the Rigid Triaxial Rotor Model (RTRM). The calculations will be compared to the latest experimental information presented in [7] which includes revisited γ-ray intensities and, for 110, 112 Ru, a newly observed band-like structure built on the proposed (4 + 3 ) state.
The model

The standard IBM-1
If we examine the systematics of excitation energies in even-even 96−112 Ru, we clearly see a transition between two well-known patterns. In the light Ru isotopes, e.g. 96, 98 Ru, the excitation energy ratio R 4/2 = E(4 [16] or the SO(6) symmetry of the IBM. The energy ratios fit into the picture too. This is a good reason for trying to describe the even-even Ru isotopes in the framework of the algebraic IBM-1.
The building blocks of the IBM-1 are d-bosons with an angular momentum 2, and s-bosons, with an angular momentum 0. The corresponding creation (annihilation) operators are d † (d) and s † (s), respectively. A nucleus is characterized by the total boson number N, which is equal to half the number of valence nucleons (particles or holes). No distinction is made between proton and neutron bosons. It can be shown [14] that the 36 linearly independent boson one-body operators are the generators of a Lie algebra of the unitary group U (6) . A Casimir operator is defined by the condition that it commutes with all elements of the algebra.
A fundamental concept of the IBM is the existence of dynamical symmetries (DS), which assumes the existence of a chain of subalgebras (subgroups) starting from U(6) and ending at SO(3). In a DS the Hamiltonian is a linear combination of Casimir operators belonging to a chain of subalgebras. We first consider the U(5) subalgebra chain
The quantum numbers of the chain (1) are the total number of bosons N, the number of d-bosons n d , the d-boson seniority τ and the angular momentum L. The main quantum number is n d . The label τ , associated with SO (5), here represents the number of d-bosons which are not coupled pairwise to angular momentum zero. An additional quantum number ν ∆ is necessary in order to specify completely the reduction from SO(5) to SO(3) . This quantum number is related to the number of triplets of d-bosons coupled to angular momentum zero.
Besides the U(5) chain, there are two other possibilities, namely SU(3) and SO (6) . We mentioned already that the heavy Ru isotopes have properties which closely resemble those of the SO(6) symmetry. The corresponding subalgebra chain is
The algebra U(5) does not belong to this chain and, as a consequence, the number of d-bosons n d is not a good quantum number. On the other hand, due to the presence of SO(5), the d-boson seniority τ is again a good quantum number.
The "standard" IBM-1 Hamiltonian contains only one-and two-body operators. The excitation spectrum of a single nucleus (at fixed total boson number N) depends on a maximum of six free parameters in the Hamiltonian. A less general Hamiltonian which is suitable for the description of the transition between the U(5) and SO(6) DS is [30] 
whereQ χ is the quadrupole operator. Its components arê
where × denotes tensor coupling. The effect of the βn 2 d term with β < 0 is an increase of the moment of inertia with increasing spin (or τ ). This so-called "τ -compression" has been first used in [31] .
The electric quadrupole transition operator is defined aŝ
where q is an effective quadrupole charge.
In the consistent-Q formalism [32] the parameter χ inT (E2) has the same value as in the Hamiltonian. If χ = 0, the E2 selection rule is ∆τ = ±1; if χ = 0, E2 transitions with ∆τ = 0, ±2 are also allowed. For χ = 0, τ is a good quantum number for the entire U(5) to SO(6) transition [33] . In this case the wave functions have an important property. For a given value of τ , n d can have only the values τ, τ + 2, τ + 4, etc. In the U(5) limit this reduces to a fixed value of n d .
The Hamiltonian (3) displays a U(5) DS if κ = 0 and, in this case, its excited states will be those of an anharmonic vibrator. If, on the contrary, we want to obtain an SO(6) DS, the parameters ǫ, χ and β must vanish. If we examine the level schemes of the even-even Ru isotopes, we notice that none of them is entirely consistent with either the U(5) or the SO(6) symmetry.
In order to carry out a quantitative comparison of the data with the theoretical predictions, the Hamiltonian (3) must be diagonalized numerically. This has been done by using the program PHINT [34] . The actual fitting procedure makes use of a fast graphical user interface [35] . Its input contains the parameters used in eq. (3).
As it will be shown in sect. 3, most properties of the investigated nuclei can be correctly described by the relatively simple Hamiltonian (3). However, the odd-even staggering in the quasi-γ bands of 110,112 Ru does not look like the pattern we should expect for SO(6)-type nuclei. In this symmetry, in a first approximation, the states belonging to a τ -multiplet are degenerate. If we switch on the term inL 2 , this degeneracy is lifted, and the states with higher L are raised in energy. Since this contribution from SO(3) is small, this will result in a slight lowering of the states with odd angular momenta with respect to those with even angular momenta. This behaviour has been observed in most SO(6)-type nuclei, including 108 Ru. There are a few SO(6) type nuclei in which this odd-even staggering is replaced by a pattern which is closer to the RTRM. In the latter case, for example, the 5 + 1 state is nearer to 4 + 2 than to 6 + 2 , as it would be required by the IBM-1 [36] with only two-body terms in the Hamiltonian. It has been observed that in the quasi-γ bands of 110,112 Ru, the odd-even staggering is closer to the RTRM [37] . We will see in the next subsection that this discrepancy can be removed by use of an IBM-1 Hamiltonian with cubic terms.
The extended IBM-1
The standard IBM-1 Hamiltonian contains only up to two-body interactions between the bosons. Since the bosons are correlated objects with a complicated internal structure, higher-order interactions between them are possible and lead to an extended version of the model. While a derivation of the form of such interactions from microscopic considerations would be a highly non-trivial exercise, the following argument based on the coherent-state formalism [23, 24] gives a phenomenological justification for them. This formalism represents a bridge between algebraic and geometric models and allows the construction of a potential in β and γ for any IBM-1 Hamiltonian. It can be shown [23, 24] that the minimum of the potential (which can be thought of as the equilibrium shape of the nucleus) corresponding to a standard IBM-1 Hamiltonian occurs for γ = 0
• (prolate) or γ = 60
• (oblate). Only with three-body interactions can the energy surface exhibit a triaxial minimum [38, 39] and hence such terms must be considered if effects of triaxiality are to be included.
A general IBM-1 Hamiltonian with up to three-body interactions can be diagonalized with the code ibm1 [40] . In the application to the Ru isotopes we use a two-body Hamiltonian which is more general than in eq. (3) and readŝ
, and the SO(6) pairing operator is defined asP
The simplified Hamiltonian (3) can be converted into the form (6) by noting the relation
From this expression we can claim that, conversely, the general Hamiltonian (6) can be cast into the simplified form (3) if a 0 = 0 and a 3 /a 4 = 3/7.
The general Hamiltonian with three-body terms contains many interactions often involving s-bosons. The three-body Hamiltonian used in the present calculation contains only d-boson terms and can be written explicitly aŝ
The allowed values of J are 0, 2, 3, 4 and 6. For several J more than one combination of intermediate angular momenta L and L ′ is possible; these do not give rise to independent terms but differ by a scale factor. To avoid the confusion caused by this scale factor, we rewrite the Hamiltonian (8) aŝ
where N LJ is defined such that d 3 ; J|B † J ·B J |d 3 ; J = 1, where |d 3 ; J is a normalized, symmetric state of three bosons coupled to total angular momentum J. With this convention the coefficients v J coincide with the expectation value ofĤ
The effect of three-body interactions (8) was investigated in [39] . It was found [38, 39] that the three-body term with J = 3 is most efficient for creating a triaxial minimum in the energy surface. This procedure was applied in [36] to SO(6)-like Xe and Ba isotopes in the mass region around A = 130, as well as to 196 Pt. These nuclei display an unusual odd-even staggering in the quasi-γ bands with a pattern close to the RTRM. The experimental data could be reproduced with the addition of a three-body term with J = 3.
A more extensive investigation of the role played by the many different threebody terms which have been ignored so far, is highly desirable. This goes beyond the limited scope of this work where only the term with J = 3 in eq. (8) has been considered.
Results and discussion
Fit with the standard Hamiltonian
The IBM parameters were fitted to excitation energies and B(E2) ratios as obtained in the recent experiment [7] . These data are characterized by better statistics than obtained in previous experiments. The branching ratios were determined by setting gates on transitions feeding the levels of interest, thus reducing the possible systematic errors. The τ -forbidden transitions were very closely examined. These high-quality experimental data constituted strict constraints on the fitting procedure. In contrast, no constraints were imposed on the parameters. For example, χ was not automatically set to χ = 0 in 108 Ru, in spite of its obvious SO(6) character.
First, the standard version of the IBM-1 described in subsect. 2.1 was applied to the study of the positive-parity bands in 108,110,112 Ru. The nuclei 108,112 Ru Ru is located at the midshell between N = 50 and N = 82 and therefore has 22 valence particles or 11 bosons. The parameters of the Hamiltonian (3) were fitted to the experimental data in such a way that the levels of the ground-state and quasi-γ bands, and some relevant B(E2) ratios are well reproduced.
The comparison of the experimental levels with those calculated with the standard IBM-1 is presented in figs. 1, 2 and 3. For the ground-state bands only the levels up to spin 8 + were considered in the calculations since above this spin value the yrast bands exhibit a backbend in all nuclei. Also in the quasi-γ bands, only levels up to spin 8 + were included in the fit. The full set of parameters of the Hamiltonian (3) obtained from the fit to the experimental data is given in table 1. In the calculations all five parameters were allowed to vary. They were found to change smoothly when going from 108 Ru to 112 Ru, indicating a slight change in structure when the boson number is varied.
A good agreement between the experimental and calculated energy levels of the ground-state band is obtained in all nuclei. The quasi-γ band is well reproduced by the standard IBM-1 only in 108 Ru, whereas the much weaker staggering observed in and 3). The calculated odd-even staggering is characteristic of the SO(6) limit, whereas the staggering observed in 110,112 Ru is nearer to the RTRM pattern, as discussed in the previous section.
The accuracy of the fit can be easily seen from the plot of the signature splitting between the even-and odd-spin members of the band. The signature splitting functions S(I) for the experimental and calculated levels in 108,110,112 Ru are represented in fig. 4 where S(I) is given by [41] :
The S(I) function vanishes in the case of an axially symmetric rotor. As it can be seen in the lowest panel of fig. 4 , the experimental signature splitting in 108 Ru can be well described by the calculations. In 110,112 Ru, however, the model fails to reproduce both the phase and magnitude of the experimental S(I) (fig. 4, middle, top) . Furthermore, the model predicts in both nuclei a slight decrease of the splitting with increasing spin, in disagreement with the empirical observations.
Fit with the extended Hamiltonian
Since the odd-even staggering pattern of the quasi-γ band in 110,112 Ru resembles that of a triaxially deformed rotor, it is natural to use the extended IBM-1 Hamiltonian, which may produce an energy surface with a triaxial minimum. Adding the J = 3 cubic term to the standard IBM-1 Hamiltonian lowers the 
. . states of the quasi-γ band while the levels of the groundstate band and the even-spin members of the quasi-γ band are only slightly affected. Therefore, the starting parameters for the fit with the extended version of the model were those obtained in the simplified version (see table 1), converted to the standard representation (6) (see table 2, column "IBM1"). The fitting procedure was carried out for different values of the strength v 3 of the cubic interaction until a reasonable agreement between the experimental and calculated energy spacings of the quasi-γ band was obtained. Finally, all parameters were readjusted in order to obtain an overall agreement with the data.
The result of the fit with the extended IBM-1 Hamiltonian denoted IBM1+V3 is shown in fig. 2 for 110 Ru and in fig. 3 for 112 Ru and the parameters used in the calculations are given in table 2. The calculated levels for the quasi-γ band in both nuclei now show a more regular energy spacing resulting in a much better agreement with the data. The addition of the cubic term accounts very well for the observed signature splitting (see fig. 4 ). These observations can be made quantitative by quoting the root-mean-square (rms) deviation between calculated and observed excitation energies. This is done in table 2 where rms deviations are given for the ground-state band up to I π = 8 + (denoted as σ g ) and for the quasi-γ-band up to I π = 8 + (denoted as σ γ ). The quoted deviations prove that the addition of a cubic interaction leads to a substantial improvement of the energy fit for the quasi-γ bands in 110 Ru and 112 Ru without destroying the agreement for the ground-state band. In the proton-neutron IBM-2, M1 transitions between symmetric states are forbidden. An M1 transition can occur only if there is an admixture of states containing antisymmetric bosons pairs (F -spin mixing) [43] . Such admixtures are usually weak in the excitation energy range considered in this work.
Most calculations are in good agreement with the experimental values. The small differences in the B(E2) ratios obtained with the two versions of the model are due to the slightly different values used for the χ parameter in the boson transition operatorT (E2) (see tables 1 and 2) and the inclusion of the cubic term in the extended IBM-1 Hamiltonian. 
Effective γ
It is of interest to compare the calculation with the extended Hamiltonian with results of a global calculation of nuclear ground-state properties using the finite-range liquid-drop model (FRLDM) in which deviations from axial symmetry were allowed [44] . One of the regions in which nuclear ground states display triaxial deformation comprises the heavy Ru isotopes. In particular, the potential energy surface of 108 Ru has a shallow minimum at γ ≈ 21
• . This energy surface can be described as being γ soft.
Potentials obtained in the standard IBM-1 are γ unstable for χ = 0 in the quadrupole operatorQ χ . For small, negative values of χ and an attractive quadrupole interactionQ χ ·Q χ a shallow minimum develops for prolate deformation (γ = 0
• ). This minimum shifts towards γ = 30
• if a cubic interaction v 3 is added to the Hamiltonian. A more quantitative analysis can be made by calculating the quadratic and cubic invariants and relating them to the shape variables β and γ according to (11) where · denotes the expectation value for a particular state. A value for γ can thus be deduced from the appropriate combination of the two invariants [45] . The deduced value can be considered as effective triaxiality, denoted by γ eff , as introduced by Yamazaki [46] . value in the ground state) and consistent with the results of the FRDLM for 108 Ru. Also, γ gsb is found to be very close in the standard and the extended IBM-1. There is, however, a significant difference between the two calculations for the values of γ eff for γ-band states with the pronounced even-odd staggering effect in the standard IBM-1 largely disappearing in the extended IBM-1. The differences between the two calculations are mainly due to the different choice for χ (see table 2) and the inclusion or not of a cubic interaction.
The 0
+ 2 state
Excited states at 976 and 1137 keV decaying to the 2 + 1 level were observed in previous works in 108,110 Ru, [8, 11] . Spin and parity 0 + were assigned to these states based on angular correlations measurements and the observed decay pattern. The recent work of Zhu et al. [7] confirms only the existence of a 0 + level at 975 keV in 108 Ru. States with I π = 0 + located around 980 keV were also observed in the lighter 104,106 Ru isotopes. Stachel et al. suggested that these state might be based on intruder configurations [8, 9] . This configuration is produced by a proton(hole) pair excitation accross the shell closure at Z=50.
Zamfir [47] has studied this phenomenon in 102 Pd. A rather peculiar behaviour of the 0 + 2 state, which cannot be explained by either IBM or E(5), has been ascribed to its intruder origin. At the same time, the authors caution against extrapolating this feature to heavier Pd isotopes. However, Lhersonneau and Wang [48, 49] An I = 4 + level located around 1.5 MeV excitation energy and the band-like structure based on it was identified in both 110 Ru and 112 Ru [7] . This band was observed up to spin 6 + in 110 Ru and 9 + in 112 Ru and it was found to exhibit a rather regular energy spacing between the even and odd spin members. In the SO(6) limit of the standard IBM-1 such states have τ ≥ 4, ν ∆ = 0 and σ = σ max . The results of the fits are presented in fig. 6 . The standard IBM-1 Hamiltonian fails to reproduce the observed weak staggering, whereas the addition of the cubic term improves the quality of the agreement. However, both versions of the model predict the I = 4 + bandhead ∼ 500 keV lower in energy than experimentally observed. The standard version of the model clearly overestimates the ratio B(E2; 4 (see table 3 ).
In the rotational model such a 4 + state is a candidate for a γ-γ vibrational state, generated by a double γ-phonon excitation [15] . An equivalent interpretation can be formulated in the IBM by means of the quadrupole "phonon" excitation scheme [50] . In this case the quadrupole operator of eq. (4) plays a role similar to that of a phonon. In this scheme excited states can be generated by the multiple action ofQ on the ground state. For instance, and so on; A and B are normalization constants. If we generate the 4 + 3 state in this way, we obtain in U(5) and SO(6) that
It has been shown [51] that b ≪ a so that, to a good approximation, the 4
state is a four Q-phonon state. It can be symbolically represented as [|2 
IBM-1 versus RTRM
The collective structure of 104, 106, 108, 110, 112 Ru was also previously discussed [3, 8, 10, 12] in the framework of the Rigid Triaxial Rotor Model (RTRM) [52] . It has been recognized that in these nuclei the γ dependence of the potential is intermediate between the two limiting cases of a γ unstable and a γ rigid rotor [3, 8] . In 108,110,112 Ru, the experimental E2 branching ratios were found to be in overall agreement with those predicted by the RTRM calculations by using the γ-values 22.5
• , 24.2 • and 26.4
• , respectively, as deduced from the experimental E 2
energy ratio [3] . Figure 7 shows the comparison between the experimental B(E2) ratios divided by the ratios calculated with the IBM1 Hamiltonian (top), and RTRM model using the γ values from [3] (bottom). In all cases, the experimental E2 branching ratios are rather well described by the models. However, an RTRM calculation of the odd-even staggering in the quasi-γ band with the values of the triaxiality parameter γ from [3] , leads to a clear disagreement with experiment, as seen in figure 8 . This should be compared with the fits shown in fig. 4 .
The difficulty of correctly describing at the same time excitation energies and E2 branching ratios is presumably the main problem of the RTRM [3, 53] . The authors of [53] assume that the use of moments of inertia based on the irrotational flow hypothesis is at the origin of the problem.
Contrary to the RTRM, the IBM, especially in the extended version with 3- Recently triaxiality has been studied in a more general geometrical context, by explicitly introducing a γ soft potential [54, 55] .
Band structure
A sequence of states characterized by large values of B(E2) for transitions inside the sequence and connected by transitions with smaller B(E2)'s to other sequences (inter-band transitions) is usually called a band. Another characteristic of a collective band is the existence of a corresponding intrinsic state, i.e. of a state defined in the intrinsic coordinate frame (see [15] ).
The concept of collective band has become so familiar that level schemes are usually drawn in such a way as to display the band structure. The question arises whether the collective excited states of a nucleus can always be classified into one-dimensional bands inter-connected by weak E2 transitions. This simple pattern cannot be seen in the investigated heavy Ru nuclides. In a nucleus with clear band structure, the ratio B(E2; 4 2 → 4 1 )/B(E2; 4 2 → 2 2 ) must be quite small. In 108 Ru this ratio has the value 0.69. Both transitions in numerator and denominator have ∆τ = −1. The ratio B(E2; 2 2 → 2 1 )/B(E2; 2 2 → 0 1 ) = 15.6 in the same nucleus. In this case, the upper transition has ∆τ = −1, while the lower one has ∆τ = −2 which is τ -forbidden both in SO(6) and in U(5) with χ = 0. If the Alaga rule is applied, the ratio is 1.14.
What does the IBM-1 predict? In the SO(6) limit there are transitions with a large B(E2) value between the band based upon the 2 2 state and the gb. Such bands have been called by Sakai [56] "quasi-γ bands". The strong E2 transitions in the investigated nuclei are those with ∆τ = ±1.
It has been shown by Leviatan [57] that in the SO(6) limit of the IBM, all states belonging to the lowest irrep of SO(6), i.e. the states with σ = N, can be projected out of a single intrinsic state.
Conclusion
Excitation energies and E2 ratios in 108,110,112 Ru have been calculated with the IBM-1. First, a standard IBM-1 approach with only one-and two-body terms has been used. A good fit was obtained for 108 Ru. However, the odd-even staggering in the quasi-γ band of 110,112 Ru was not correctly described by the model. The experimental staggering was rather close to the pattern predicted by the triaxial rotor model. Subsequently, an extended Hamiltonian which contains three-body terms has been used. It is known that this type of Hamiltonian can generate a triaxial minimum of the total energy surface. With this Hamiltonian the odd-even staggering in the quasi-γ band was correctly reproduced while the excitation energies and the B(E2) ratios of even-spin states were hardly affected. In addition, effective values of γ have been calculated.
It has been observed, in agreement with previous investigations, that these nuclei are intermediate between the U(5) and the SO(6) limits of the IBM. There is no equivalent interpretation in the rigid triaxial rotor model. However, none of these nuclides corresponds exactly to either the U(5) or the SO(6) symmetry. The d-boson seniority τ is an approximately good quantum number, which allows one to classify the excited states and to understand the B(E2) ratios.
The results obtained with the Interacting Boson Model have been compared to those of the Rigid Triaxial Rotor Model. While the B(E2) ratios have been equally well described by both models, the odd-even staggering in the quasi-γ bands has been correctly reproduced only by the IBM.
The band structure of 108,110,112 Ru has been discussed. Contrary to the situation in the axially deformed nuclei, the B(E2) ratios show that there are interband transitions with E2 strengths of the same order of magnitude as that of intraband transitions.
